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  Deriving the SFEE 
 

To derive the Steady Flow Energy Equation, we can model a control volume as a system that changes 

shape: 

Everything that is shaded grey is the closed system, and the red part is a minute particle entering/exiting 

the closed system. 

 

Solving for Work Done 
The system produces an output shaft work: 

𝛿𝑊𝑠ℎ𝑎𝑓𝑡 

Work done by system on its surroundings: 

𝑊2 = 𝐹2 𝑦 

𝑊2 = 𝑃𝑜𝑢𝑡 𝐴2 (
𝛿𝑚𝑜𝑢𝑡 𝑣𝑜𝑢𝑡

𝐴2
) 

𝑊2 = 𝛿𝑚𝑜𝑢𝑡 𝑃𝑜𝑢𝑡 𝑣𝑜𝑢𝑡 

Work done by surroundings onto system: 

𝑊1 = 𝐹1𝑥 

𝑊1 = 𝑃𝑖𝑛  𝐴1 (
𝛿𝑚𝑖𝑛 𝑣𝑖𝑛

𝐴2
) 

𝑊1 = 𝛿𝑚𝑖𝑛 𝑃𝑖𝑛 𝑣𝑖𝑛 

Total Work done: 

𝑊 = 𝛿𝑊𝑠ℎ𝑎𝑓𝑡 + 𝑊2 − 𝑊1 

𝛿𝑊 = 𝛿𝑊𝑠ℎ𝑎𝑓𝑡 + 𝛿𝑚𝑜𝑢𝑡 𝑃𝑜𝑢𝑡 𝑣𝑜𝑢𝑡 − 𝛿𝑚𝑖𝑛 𝑃𝑖𝑛  𝑣𝑖𝑛 

  

𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝐸𝑓𝑖𝑛𝑎𝑙 

Inflow particle, 
mass 𝛿𝑚𝑖𝑛 

𝐹𝑖𝑛 = 𝑃𝑖𝑛𝐴𝑖𝑛 

𝑥 =
𝛿𝑚𝑖𝑛𝑣𝑖𝑛

𝐴𝑖𝑛
 

Inflow duct area, 𝐴𝑖𝑛 

𝑣𝑖𝑛 is the specific volume of 
the inflow particle 

System at time 𝒕 System at time 𝒕 + 𝜹𝒕 

𝐹𝑜𝑢𝑡 = 𝑃𝑜𝑢𝑡𝐴𝑜𝑢𝑡 

Outflow particle, 
mass 𝛿𝑚𝑜𝑢𝑡 

Outflow duct area, 𝐴𝑜𝑢𝑡 

𝑦 =
𝛿𝑚𝑜𝑢𝑡𝑣𝑜𝑢𝑡

𝐴𝑜𝑢𝑡
 

𝑣𝑜𝑢𝑡 is the specific volume 
of the outflow particle 
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Solving for Energy 
The fluid particle entering the system has mass 𝛿𝑚𝑖𝑛 volume 𝑣 and is travelling at speed 𝐶𝑖𝑛. It has total 

energy made up of its internal energy, 𝑈𝑖𝑛, kinetic energy, 1
2

𝛿𝑚𝑖𝑛𝐶𝑖𝑛
2 , and potential energy 𝛿𝑚𝑖𝑛𝑔𝑍 (were 

𝑍 is its vertical position relative to a given zero point): 

𝐸𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑒𝑛𝑡𝑒𝑟𝑖𝑛𝑔 = 𝑈𝑖𝑛 +
1

2
𝛿𝑚𝑖𝑛𝐶𝑖𝑛

2 + 𝛿𝑚𝑖𝑛𝑔𝑍 

= 𝛿𝑚𝑖𝑛 (𝑢 +
1

2
𝐶2 + 𝑔𝑍)

𝑖𝑛
 

Similarly, the fluid particle leaving the system has mass 𝛿𝑚𝑜𝑢𝑡 volume 𝑣 and is travelling at speed 𝐶𝑜𝑢𝑡. 

It has total energy made up of its internal energy, 𝑈𝑜𝑢𝑡, kinetic energy, 1
2

𝛿𝑚𝑜𝑢𝑡𝐶𝑜𝑢𝑡
2 , and potential energy 

𝛿𝑚𝑜𝑢𝑡𝑔𝑍: 

𝐸𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑙𝑒𝑎𝑣𝑖𝑛𝑔 = 𝑈𝑜𝑢𝑡 +
1

2
𝛿𝑚𝑜𝑢𝑡𝐶𝑜𝑢𝑡

2 + 𝛿𝑚𝑜𝑢𝑡𝑔𝑍 

= 𝛿𝑚𝑜𝑢𝑡 (𝑢 +
1

2
𝐶2 + 𝑔𝑍)

𝑜𝑢𝑡
 

Since the energy initially in the system is 𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙 and that at time 𝑡 + 𝛿𝑡 is 𝐸𝑓𝑖𝑛𝑎𝑙 , the total change in 

energy is the difference between these + the energy brought in by the fluid particle – the energy of the 

leaving particle: 

𝐸2 − 𝐸1 = 𝐸𝑓𝑖𝑛𝑎𝑙 − 𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙 + 𝛿𝑚𝑜𝑢𝑡 (𝑢 +
1

2
𝐶2 + 𝑔𝑍)

𝑜𝑢𝑡
− 𝛿𝑚𝑖𝑛 (𝑢 +

1

2
𝐶2 + 𝑔𝑍)

𝑖𝑛
 

 

Applying the first law 
Now that we know the total change in energy and work, we can use the first law of thermodynamics: 

𝛿𝑄 − 𝛿𝑊 = 𝐸2 − 𝐸1 

𝛿𝑄 − (𝛿𝑊𝑠ℎ + (𝛿𝑚𝑃𝑣)𝑜𝑢𝑡 − (𝛿𝑚𝑃𝑣)𝑖𝑛) = 𝐸𝑓 − 𝐸𝑖 + 𝛿𝑚𝑜𝑢𝑡 (𝑢 +
1

2
𝐶2 + 𝑔𝑍)

𝑜𝑢𝑡
− 𝛿𝑚𝑖𝑛 (𝑢 +

1

2
𝐶2 + 𝑔𝑍)

𝑖𝑛
 

𝛿𝑄 − 𝛿𝑊𝑠ℎ = 𝐸𝑓 − 𝐸𝑖 + [𝛿𝑚 (𝑢 + 𝑃𝑣 +
1

2
𝐶2 + 𝑔𝑍)]

𝑜𝑢𝑡
− [𝛿𝑚 (𝑢 + 𝑃𝑣 +

1

2
𝐶2 + 𝑔𝑍)]

𝑖𝑛
 

𝛿𝑄 − 𝛿𝑊𝑠ℎ = 𝐸𝑓 − 𝐸𝑖 + [𝛿𝑚 (ℎ +
1

2
𝐶2 + 𝑔𝑍)]

𝑜𝑢𝑡
− [𝛿𝑚 (ℎ +

1

2
𝐶2 + 𝑔𝑍)]

𝑖𝑛
 

Differentiating with respect to time: 

𝑑𝑄

𝑑𝑡
−

𝑑𝑊𝑠ℎ

𝑑𝑡
=

𝑑

𝑑𝑡
(𝐸𝑓 − 𝐸𝑖) + [

𝑑𝑚

𝑑𝑡
(𝑢 + 𝑃𝑣 +

1

2
𝐶2 + 𝑔𝑍)]

𝑜𝑢𝑡
− [

𝑑𝑚

𝑑𝑡
(𝑢 + 𝑃𝑣 +

1

2
𝐶2 + 𝑔𝑍)]

𝑖𝑛
 

�̇� 

For steady flow, 𝐸𝑓 = 𝐸𝑖 so this term becomes zero 

𝑢 + 𝑃𝑣 = ℎ 𝑢 + 𝑃𝑣 = ℎ 

�̇�𝑠ℎ �̇� �̇� 
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Therefore, this can be rewritten as: 

�̇� − �̇�𝑠ℎ = [�̇� (ℎ +
1

2
𝐶2 + 𝑔𝑍)]

𝑜𝑢𝑡𝑓𝑙𝑜𝑤
− [�̇� (ℎ +

1

2
𝐶𝑔𝑍

2 )]
𝑖𝑛𝑓𝑙𝑜𝑤

 

Note: The two parts on the right-hand side represent the total outflow and total inflow. Therefore, we 

need to accommodate for multiple ports: 

�̇� − �̇�𝑠ℎ = ∑ [�̇� (ℎ +
1

2
𝐶2 + 𝑔𝑍)] − ∑ [�̇� (ℎ +

1

2
𝐶2 + 𝑔𝑍)]

𝑖𝑛𝑓𝑙𝑜𝑤𝑜𝑢𝑡𝑓𝑙𝑜𝑤

 

And there you have it. The Steady Flow Energy Equation. 

 Return to notes 
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